General Instructions

(o}

Reading Time- 5 minutes
‘Working Time — 3 hours
Write using a black or blue pen

Approved caleulators may be used

O o 0 0

A table of standard integrals is
provided at the back of this paper.

o All necessary working should he
shown for every question.

o Begin each question on 2 fresh
sheet of paper.
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Mathematics Extension 2

Total marks (120)
o Attempt Questions 1- 8

o All questions are of equal value

Total Marks — 120
Attempt Questions 1-8
All Questions are of equal value

Begin each question on 2 NEW SHEET of paper, writing your student number and
question number at the top of the page. Exira paper is available.

Question 1 (15 marks) Use a SEPARATE sheet of paper.

{a} Find
) JL )

X +2x+2
. x
ii ——=dx
a9 jv‘x-&-l

mnj

3
x2+1dx
x°+1

(iv) ji__

(=2)(x+1)

) [sin’x dx

2
(b} Given that Isccxdx = ln(secx + tan x), evaluate }- x4 dx.
o

Give your answer as a decimal correct to 4 decimal places.
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Question 2 (15 marks) Use a SEPARATE sheet of paper.
(a) Let z=2-+i,Find, in the form x+iy,
G z%

(i) =z-z

1+2/ + 2= is a real number.
3—4i 3

() By evaluating, or otherwise, show that

(¢) (i) Write 2+2{ in the form r(cos@+isin&)

(i) Hence, or otherwise, find (2+ 2¢)’ in the form a+ib, where a and b

. are integers.

(d) () Find all pairs of integers @ and b such that (a +z'.!:v)2 =8+6¢.

(i) Hencesolve: 2’ +2z{1+2i}—(11+2i)=0.

() Sketch the region in the complex plane where the two inequalities
[z+1-i<3 and %Sarg(zﬂ—i) 5-345 both hotd.
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Question 3 (15 marks) Use a SEPARATE sheet of paper.

(2) The diagram below shows the graph of y=1+(x+1)e™.
The line y = 1 is an asymptote.

Draw separate one-third page sketches of the graphs of the following

N y=rflx)
@ yi=s0)

1
@ y=—r

(b} If 1+ isacomplex rootof ax’ —bx+2:=0, wherea and b are real numbers.

i) Find the other two roots.

(ii) Hence, or otherwise, find @ and &.

(c) Show the equation x? —4y* —6x—8p+1=0 represents a hyperbola.

Hence, or otherwise, determine its eccentricity.

(@) The asymptotes of a hyperbola meet at the origin and are inclined at an angle

of 60° to the x-axis. If {4,0) is a focus of the hyperbola, find the equation of

the hyperbela.
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Question 4 {15 marks) Use a SEPARATE sheet of paper.

(@) If a, f and y are the roots of x*— px+¢ =0, find in terms of p and ¢

a cubic equation with roots:

, i 11
i paly i
(if) a, pLy

(b) Find the coordinates of the points where the tangent to the curve

x* -2xp+3y* =8 is horizonal.

(¢) The base of a solid is the region in the first quadrant bounded by the curve
y=sinx and the x-dxis.
Sections perpendicular to the base and the x -axis are squares.

Use the slicing technigue to find the volume of the solid

Marlks

2
(d) The region bounded by » =1 Wy = %— and x=1 is rotated about the ling x=1.
X -

)] Use the method of cylindrical shells to find an integral which gives

the volume of the resulting solid of revolution.

(ii) Find the volume of this solid of revolution.

Question 5 (15 marks) Use a SEPARATE shest of paper.

{a) A car of mass one tonne is travelling at 40 km/h on a horizonta! road and is turning

®

©

a comer which is in the form of an arc of a circle of radiug 155m. Find:

(i} The angular velocity of the car as it travels through the curve.

(i) The frictional force, in Newtons, required to keep the car from
sliding off the road.

-

A bullet is fired vertically into the air, from the origin (2, with a speed of 850 m/s.

The bullet experiences air resistance. Let x be the displacement of the bullet
above O at time ¢ seconds after the bullet is fired, so that the equation of

o v 2 . .
motion is ¥=—-g ~3 where gms ™ is the acceleration due to gravity.

(i} Find the greatest height reached, to the nearest metre. (Use g =10 ms ™)
(it) The time taken to reach this height.

(1if) As the bullet refurns to the ground it is subject to the same forces.

Find its terminal velocity.

(@) Show that {I—x " Vz =(1-v%)" ~[l-Vx)

3
(i) 167, = f(1-vx) de for n20, show that 7, =

n

g, fornzl
n+2

(it} Hence, or otherwise, evaluate I,.
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Question § {15 marks) Use a SEPARATE sheet of paper.

@

(b)

©

¥

3 '&/ﬂ 1 7 3 H H

The function f(x) has derivative f'(x) whose graph appears above.
You are given that f{~2)}= f'(1}=0, f'(x)—=w as x— —w and
fixy->0 as x—> o,

Sketch the graph of y = f{x) showing its behaviour at its stationary
points, as x — £co and any asymptotes, given that f(0)=0, f(2}=0
and f{3)> fF(-2).

The line through O perpendicular to the tangent at P(cp,i) on the rectangular
P

hyperbola xp = ¢? meets the tangent at .

@
(if)

3
Show that the coordinates of N are 2p = Zep + |-
I+p" I+ p

Hence, or otherwise, find the locus of N as p varies.

A body of mass 5 kg slides on a horizontal surface, pulled by a rope inclined at
20° to the horizontal, with a constant tension in the rope of 30N,

Two resistance forces act hoﬁzoataliy on the body. One is a constant force of
magnitude 0.2R, where R is the reaction force the surface exerts on the mass.
The other resistance force is due to air resistance and has a magnitude of 3iv,

where k1is a constant and v is the speed of the body. (Use g =10ms™).

@

(ii)

(iii}

Show that the equation of motion of the body is:

a=b —%, where a is the acceleration and b = 4.05.

Explain why this equation implies that the body has a terminal velocity
5b
of —.
3k
Initially the body is travelling with half iis terminal velocity. The body
is observed to have attained 90% of its terminal velocity after 2 seconds.
Find the value of £, and the distance travelled during these first 2 seconds,

correct fo 1 decimal place.

End of paper

Marks

STANDARD INTEGRALS

1 n+i
= -
n+1 . nE

—1-dx =lnx, x>0
X
ax 1 ax
Je dx =—g%, az(
J.cosa.xdx =-i—sinax, azl
Jsinaxa‘x =—%cosax, a=0
Jseczﬂdx =-}2-tana.x, a#0
jsecaxtanaxdx =—secax, a#0
j 1 dx =-1-tan"1£, a#l
a?+xt a @
1 . 1
dx =sin" =, a>0,
a* —x*

dx =ln(x+-\}x2+a2)

NOTE : lnx=log,x,

1, x#£0,ifn<0

x>0




Question 6 (15 marks) Use a SEPARATE sheet of paper.

2 Z
(@ Placosd,bsind), where 0< 8 <%, is a point on the ellipse z—2+ Z—z =1,

where @ > b> 0. The nommal to the ellipse at P has equation:

cxsin® —by cosd = (a* ~b*}sin@cosd . (DO NOT PROVE THIS)

This normal cuts the x-axis at A and the y-axis at B.

(-5

a

(i) Show that AOAB has an area of sinécosé .

Find the maximum area of AQAB and the coordinates of P when this

(if)

MAXIMUIm OCeuss.

() If P(x)=4x"+4x" +x+k for some real value of k, find the values of "x
for which P'(x)=0.
Henee find the values of & for which the equation P(x)=4x’ +4x" +x+k
has more than one real root.

() Suppose that z° =1 where z# 1.

. 1
(i)  Deduce that z* -e-z-;—l+—+l2
z z

=0.

(ii) Byletting x==z -1-1 , reduce the equation in (i) to a quadratic equation in x.
z
(iil) Hence deduce that cosz?Jr cos4—5”— =— %

Question 7 (15 marks) Use a SEPARATE sheet of paper.

Marks Marks
(a)
NOT TO SCALE
Two ends of a light inextensible string of length 5a are attached to two fixed
points 4 and B (B is vertically below 4) where AB = 2a. A smoothring R of
3 mass m is threaded on the string, and the system rotates about AB with constant
angular velocity. The ring moves in a horizontal circle (whose plane is below the
3 level of B), so that 4R = 3a and RB= 2a.
@ Prove that the tension in the string is §r;t_g . 3
(i1}  Find the angular velocity of the system. 2
3
® @ On a number plane, shade the region representing (x—2R) +y* < R*. 1
i) The region in part (i) is rotated about the y —axis to form a torus. 3
Show that the volume of the torus is given by ¥ =4z'R*.
(©)
Cross-section NOT TO SCALE
2 of road
2 A road contains a bend that is part of a circle radius #. At the bend, the road is
' banked at an angle @ to the horizontal. A car travels around the bend at constant
2 speed v. Assume that the car is represented by a point of mass m, and that the forces

acting on the car are the gravitational force mg, a sideways friction force F (acting
down the road as drawn) and & normal reaction ¥ to the road.

) By resolving the horizontal and vertical components of force, find 2
expressions for Feose and Fsina.

m(v' —grtana)cosa
Show that F = ( il ) .

(i)
-

(it}  Suppose that the radius of the bend is 300m and that the road is banked to 2

allow cars to travel at 80 kilometres per hour with no sideways friction force.

Find the value of o, to the nearest degree. (Use g =10 nvsY).
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